THE ISOPERIMETRIC INEQUALITY OUTSIDE CONVEX SETS

The starting point of this course is a classical isoperimetric inequality con-
cerning the perimeter P(F; H) of a set F in a half space H. Namely, given
m > 0, it is well known that among all sets ¥ C H of volume m the min-
imizers of the perimeter of F in H are precisely the half balls of mass m
sitting on the hyperplane OH. Few years ago, this isoperimetric inequality
was extended by Choe, Ghomi and Ritoré in [3] to the case of the relative
perimeter of a set E contained in the exterior of a convex set. The aim of
this course is to present this general isoperimetric inequality together with
a characterization of the equality cases recently obtained in [4].

The course is essentially self contained since most of the preliminary ma-
terial will be presented in the lectures. However, a basic knowledge of Haus-
dorff measures, a good background in measure theory and some familiarity
with the regularity theory of PDEs is required.

Lecture 1: Basic definitions and properties of sets of finite perimeter,
coarea formula, De Giorgi’s structure theorem, the euclidean isoperimetric
inequality.

Lecture 2: The relative isoperimetric inequality in a half space. First
variation of volume and perimeter. The capillarity functional. Young’s law.

Lecture 3: Spherically convex sets, Kuratowski convergence, Normal cones
and restricted normal cones. Normal bundle and restricted normal bundle.

Lecture 4: The total curvature. An estimate of the total curvature of a set.
A Willmore type inequality.

Lecture 5: A-minimizers of the perimeter. Density estimates. Regularity
of A-minimizers.

Lecture 6: Proof of the relative isoperimetric inequality outside a convex
set.

Lecture 7: Characterization of the equality cases in the relative inequality
outside a convex set.

REFERENCES

[1] AMmBROsIO L.; Fusco N.; PALLARA D., Functions of Bounded Variation and Free
Discontinuity Problems. Oxford Mathematical Monographs, Clarendon Press Oxford
2000.

[2] CHOE J.; GHOMI M.; RITORE M., Total positive curvature of hypersurfaces with
convezx boundary. J. Diff. Geo. 72 (2006), 129-147.

[3] CuoE J.; GuoMml M.; RITORE M., The relative isoperimetric inequality outside
conver domains in R™. Calc. Var. Partial Differential Equations 29 (2007), 421-429.

1



THE ISOPERIMETRIC INEQUALITY OUTSIDE CONVEX SETS

[4] Fusco, N., MoORINI M., Total positive curvature and the equality case in the rel-
ative isoperimetric inequality outside conver domains, Preprint (2021), available at
https://cvgmt.sns.it/paper/5054/

[6] MAcaI F., Sets of finite perimeter and geometric variational problems. An introduc-
tion to geometric measure theory. Cambridge Studies in Advanced Mathematics, 135.
Cambridge University Press, Cambridge, 2012.

[6] STREDULINSKY, E., ZIEMER, W.P., Area minimizing sets subject to a volume con-
straint in a convez set. J. Geom. Anal. 7 (1997), 653-677.

[7] TAMANINI, 1., Regularity results for almost minimal oriented hypersurfaces in R™.
Quaderni del Dipartimento di Matematica dell’ Universita di Lecce 1 (1984), 1-92.



